Abstract: On the basis of an improved mathematical model it was explored how the derived nonlinear
COMBUSTION INSTABILITIES AND PRESSURE OSCILLATIONS IN SPRM WORKING AT EXTREME INITIAL GRAIN TEMPERATURES

Introduction
T-burner tests with temperature conditioned propellant have shown a direct link between the propellant's initial temperature and the pressure -coupled response function [11] . The prediction of combustion instability in the early design stage, considering especially the influence of the extreme initial grain temperatures, is a very difficult task due to the complex
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unsteady flow field existing in the combustion chamber. The relationship between the initial grain temperature, burning rate (erosive burning) and temperature sensitivity, and their influence on the homogeneous propellant's pressure -coupled response function were explored in this paper. Our investigation of this dynamic linkage between the initial temperature and pressure -coupled response will show that of all the input parameters, the temperature-sensitivity parameter has one of the largest effects on the pressure-coupled response.
This paper is concerned with some combustion models and applications, design laboratory and full-scale tests interpretation, and prediction the behavior to be expected. The first part of the paper is focused on the assessment of the main experimental results about the combustion instabilities and pressure oscillations in the solid rocket motors (SPRM-01, 02 and 03) with DB homogeneous propellants (DBPs). Several particular pressure -time profiles at extreme ambient temperatures with significant perturbed pressure signal that was carefully FFT analysed were recorded in MTA and Electromecanica S.A. labs [2, 10] .
In our paper the linearized QS theory is re-examined using a particular "flame model" for the condensed phase reaction zone as a high activation energy thermal decomposition model. An updated mathematical model incorporating frequency -dependent combustion response, in conjunction with pressure dependent burning, considering the erosive burning phenomenon, is applied to investigate and predict the DBP combustion instability. Several analytical predictions are presented, and some experimental validations discussed.
Rocket Motor Pressure & Thrust Measurements on the Test Stand
Our experimental researches were guided to study the DBP combustion process in 3 full scale rocket motors at extreme ambient temperatures. The motors were fired over the initial temperature range of 223 K to 323 K. Among the many experiments on the test stand (static ground tests) we recorded some particular pressure-time traces, p(t), with perturbed pressure signal.
The main experiments on the test stand were done using the solid rocket motor SPRM-01/ V01 (Fig. 2 Some other investigations were done on the SPRM-01/ V02 (Fig. 2) and SPRM-02 built with one tubular grain made of DBP-02/ N-4 [5] . Taking into account that downscaled motor models are relatively cheaper and their geometry that can be also modular is simpler, the experiments on the propellant DBP-03 at extreme initial temperature were pursued using 2 smaller rocket motors, with the following characteristics: [2, 5] and DBP-03 [10] at four different initial grain temperatures (233 K, 288 K, 300 K and 313 K), are shown in Fig. 1a (BEM) and of strand burner techniques, Fig. 1c . The measured pressure data (Fig. 4 -8, 9 ) show a pressure spike at the beginning of the trace, which is a characteristic evidence of erosive burning. This typically occurs in motors with large aspect ratio (L / D) and low port area to throat area ratio or constricted flow designs such as star -aft grains. Erosive burning affects both the maximum pressure prediction early in the burn and the tail-off slope late in the burn, both of which are critical design parameters.
The advantages of accounting for the erosive burning effects in the motor design and predictions are: improved confidence in the maximum pressure prediction, improved tail-off modeling, better estimates of exposure times for insulation design, improved ignition model resolution, better estimates of pressure drop early in the burn. All of this again reduces the amount of empiricism in the ballistic model and improves predictive accuracy. The key mechanism for erosive burning of homogeneous propellants is flame stretch, induced by an imposed velocity field [9] . This work employs one of the most widely used method, the Lenoir Robillard (L-R) model improved by R. A. Beddini, which divides the heat transfer from the flame zone back to the solid propellant into two independent mechanisms. The first, heat transfer from the primary burning zone, depends only on the pressure local value and the second one, due to combustion gases flowing over the surface, is dependent on cross flow velocity. Thus, the two burning rate terms are additive and may be defined as: is an empirical fitted function, dependent on the hydraulic diameter h D of the local cross section, which offers the most versatility. The hydraulic diameter is calculated using the wetted perimeter (not burning perimeter) and port area,
. Using (1, 2, and 3) the erosive burning contribution can be calculated using only one empirical value    which is essentially independent of the propellant composition and is assumed to be 53, [13, 14] . We have also studied the influence of some other    values. The value of parameter  can also be assigned from empirical data rather than calculated with transport properties.
The influence of pressure and cross flow velocity of combustion gases released from burning surface on the burning rate of DBP-01 are also studied -plotted in Fig. 3 . One can observe that burning rate increases almost linearly with cross flow velocity [18, 19] . Unstable combustion in the SPRM-01/ V-01 was often characterized by not very high pressure oscillations frequency and, sometimes, some changes of the mean burning rate occurred. Much more disturbed time -pressure profiles with linear or non-linear instabilities were recorded at very low initial temperatures corresponding of smaller pressure values (Fig.  4, 5) . We can outline rather low frequency of the average pressure oscillations that have distinct amplitudes in two combustion instability zones -e.g. perturbed pressure -time history and Kernel smoothing curve at 233 K in the A detail window of Fig. 4 . The most intensive perturbed and unstable combustion, with temporary pressure peaks, at the SPRM-01/ V01 occurred at the same extreme initial grain temperature of 233 K ( Fig. 5 with detail window of perturbed pressure signal).
We have also noticed that combustion instabilities at higher frequencies and small amplitudes were met especially at extreme positive ambient temperatures. The pressure-time trace at 313 K presents also a rather significant variation of the average chamber pressure of
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about 1 MPa in the perturbed zone (difference between the average perturbed pressure signal and non-perturbed pressure at 313 K in the A detail frame of Fig. 6 ). Considering the SPRM-02 with DBP-02/ N4, at 323 K, Fig. 9 , one can see that after the erosive burning, the combustion instability phenomenon occurred in the second half burning time with an unstable motor working.
At sufficiently high pressure levels, corresponding to higher initial grain temperatures, all experimental static test firings were not significantly perturbed. When the pressure exceeds about 20 MPa, the oscillations of the burning rate start to grow.
For the frequency range 150-1500 Hz, common for almost of all recorded SPRM-01/ V-01 firings, the combustion instabilities were usually encountered in the axial modes.
The p(t) traces obtained on the test stand with SPRM-02, at 323 K, Fig Thus, SPRM-02/ Ti=323 K has p(t) profile, Fig. 8 , with one local distinct narrow perturbation zone. The perturbation region of p(t) extends, comprising two distinct zones, for SPRM-03 at extreme low initial temperature, Ti=223 K.
At high initial temperatures the erosive burning considerably affects the maximum pressure early in the burn (erosive over peak >30 MPa, e.g. Fig. 6 ) and also the tail-off slope late in the burn, both of them being critical design parameters. In many cases, large amplitude oscillations have been shown to develop from small disturbances in smoothly operating motors through amplification. The small disturbances usually cannot be avoided and controlling their stability becomes essential, but it is not always sufficient because large amplitude oscillations may also be triggered by initially large disturbances. Due to the unstable combustion the pressure oscillates at least 5%, usually greater 30%, and heat transfer increases, creates temporary pressure peaks and decreases the burning duration. 
Analysis of the QSHOD Combustion Model of Homogeneous Propellants on the basis of Pressure Coupling Response Function
The present paper is concerned in a first stage with the linear stability of small pressure disturbances. The extension to the weakly nonlinear problem is approached in connection with the DBP erosive burning and SRM geometry. In SRM the driving mechanism for combustion instability to happen is the response of the unsteady burn rate of the propellant to chamber acoustics. In our paper we will consider the pressure coupled response, as a response complex function for pressure fluctuations, which is the often referred parameter to describe the SRM combustion instability characteristics.
In particular, the problem is taken to be one-dimensional and all material properties are treated as quantities averaged over the chemical composition. Hence, the model is based on a non-reacting condensed phase and on a Quasi -Steady (QS) behaviour of all processes except unsteady conductive heat transfer in the condensed phase. The pyrolysis surface phenomenon is described by the Arrhenius law.
One purpose here is to take into account also the important influence of a decomposition region within the solid phase (Fig. 11) . The conversion of condensed material to the gas phase is done at an infinitesimally thin interface and the flame is anchored on it. Sensitivity of the decomposition process can affect the combustion response in the region of maximum.
The cold un-reacted solid propellant progresses inward from the left side with a constant velocity equal with the steady state burning rate, b r and the combustion surface oscillates around the origin during the combustion instability process, see Fig.11 . The analysis of available experimental data for rocket propellants provided new arguments in the favour of the concept that the condensed phase is the locus of the burning rate control zone at the operating pressure range [1, 9] .
Initial grain temperature, considered as uniform, is an external parameter without variation during operation, since only a very thin layer of the propellant is usually affected by the chemical transformation process.
Similarly with the greater part of combustion dynamics models for the pressure coupling, the linear response function p R results in the known explicit forms (Denis and Baum, and Culick) [1] [2] [3] [4] [5] :
One can see that
, contains the activation energy E associated with surface pyrolysis temperature s T , and B is dependent on details of the model chosen for the processes in the gas phase, characterizing the heat feedback to the condensed phase. The A and B parameters are often practically used as floating constants to be adjusted to fit experimental data; however, they do have a theoretical basis [2, 5, and 9] . Thus, for B parameter we have chosen to use also the experimental data
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obtained with T-burner technique or similar. The combustion process with decomposition zone, approached by Culick model [9] , provides the pressure coupling response function in the following mathematical form:
The thermo-acoustic systems are generally non-normal (leading to non-orthogonality of the Eigen modes) and they may show initial transient growth for suitable initial perturbations even when the system is stable according to classical linear stability theory. The nonlinear solid propellant response to a pressure perturbation produced close to the combustion surface can be obtained as an extension of the linear response derivation keeping the second order driving terms. Even these additional terms make the models more complicated, this nonlinear model can depict some useful effects, but the linear models cannot describe them.
where the complex eigenvalue
, and  is defined as the dimensionless frequency,
by Culick.
We have also derived and proposed for a weakly nonlinear case, another useful mathematical form of the response function:
where the coefficients are:
and the eigenvalue  , as a function of
. We have generated several diagrams with the input data suggested by Culick [15] , for the values of the pressure perturbation level 0.05 and 0.15. R obtained by Culick [9] . The nonlinear corrections lead to a significant increase in amplitude and a frequency shift of the primary low frequency response peak, as observed in Fig. 12 .
It is important to note that this result shows that the waves receive enhanced energy flux as amplitude increases. Another reason to validate this model is the result shown in figure  13 , that demonstrates a strong correlation of the admittance function to the experimental data found by Perry [16] , reinforcing that the QSHOD model does capture the low frequency behavior.
The QSHOD theory is affected by limitations due to the assumptions made. Thus, the main limitation refers to the failure to take into account the unsteady gas phase, which excludes the high frequency response.
By assessing this model one can say that the lack in physical meaning of the similarity variables Α and Β restricts the model to curve fitting tool for low frequency experimental data. About these considerations, as a first step, we have analyzed the T-burner experimental data of Spurling' work [11] , which performed an experimental investigation of the relationship between temperature sensitivity and pressure-coupled response on one particular propellant, over a broad frequency spectrum at a typical pressure (6.9 MPa). In these experiments, propellant samples along with the whole T-burner chamber, were temperature conditioned in the range of 222 K to 355 K.
The experiments revealed that at both extreme temperatures the propellant's pressurecoupled response was significantly increased, especially at the frequencies of around 1200 Hz and above [11] . Thus, the largest increase of the propellant response was at higher frequencies -the cold response seems to be worse for the first few longitudinal modes and the hot one for tangential modes and additional nonlinear behaviour. We have computed and plotted, on the basis of Eqs. (4) and (5) We used the Eqs. (4) and (6) , is not linked to the fitting feature of the response curves, but is certainly determined by the high frequency range when the values of A and B are not consistent with the experimental data. Another argument could be that the mentioned pressure is under the limit pressure of normal combustion of DBPs,
Also, the temperature sensitivity data is highly dependent on the method of both collecting and reducing the experimental data. Although the QSHOD model is limited, it does give insight into the solid phase contribution to the response function. T take significant values in their operating ranges for DB solid propellants. This detailed parametric analysis was approached in our paper [2] . One may observe the stabilisation influence of the propellant nonlinear response for the low and high dimensionless frequency values (convergent evolution at extreme values of frequency). This remark does not apply in the case of influence of the Arrhenius exponential law pressure exponent. The effect of the pressure perturbation level on the combustion response is considered by the factor p p /  of the nonlinear response function (Eqs. 5 and 6). Taking into account the main goal of our researches, we have investigated the behaviour of DBP-01, 02 and 03 at the extreme initial temperatures of 233 K and 313 K, for a perturbation level Fig. 16 and 17 ). In this work, one can observe analysing the influence n R T nl p i /  for DBP-01 (Fig. 16), and one of the most motor operating dangerous cases may occur at very low initial temperatures, in the range 500 -1000 Hz. Thus, at 233 K a higher and steep response peak occurs, depending on average chamber pressure level (7) (8) (9) (10) . The internal oscillating frequency analysis aims also to compare the fundamental acoustic longitudinal frequency, f1L, for the cylindrical grain port (SPRM-01/ V01), that is 525 Hz, with the characteristic frequency of pressure coupling response peak at 233 K -590 Hz and 840 Hz for the mean pressures of 9 MPa and 15 MPa, Fig.16 . In this frame, one can predict, for SPRM-01/ V-01, a higher risk of combustion instability phenomenon occurrence at 233 K and 9MPa, confirmed by our experimental data (Fig.4 and  5 ). Another remark is that a much broader and high enough response peak of the same propellant, at high conditioning temperatures (313 K) occurs when the frequency increases above 1300 Hz. Figure 17 depicts the variation of the DBP-01, 02 and 03 nonlinear response functions, depending on frequency, at the extreme initial temperatures of 233 K and 313 K, for certain mean pressures. The fundamental acoustic longitudinal frequencies for the cylindrical grain ports of SPRM-01, 02 and 03 are mentioned on this diagram: 525 Hz, 1076 Hz and 1383 Hz. Thus, one can conclude that SPRM-01, at very low temperatures (233 K), can be much more exposed to the risk of combustion instability occurrence. However, at the same conditioning temperature, SPRM-02 and 03/ DB-03 are also susceptible to such instability but in a smaller measure thanks to the lower response amplitude in the range of 900-1400 Hz. As a good results validation the frequency values (2300 -2500) Hz corresponding to the highest response levels of the DBP-02/ N4 obtained in this paper, see Fig. 17 , are in agreement with the response values shown in Fig. 18 for N4 propellant -M. Beckstead [17] .
One may also draw conclusions concerning the influences of certain propellant physical properties, such as: the characteristic frequency of the combustion dynamics increases with the propellant thermal diffusivity, relatively insensitive to mean pressure, and the sensitivity of steady-state burning to bulk temperature on the shape of response function.
COMBUSTION STABILITY PREDICTION BASED ON CLASSICAL LINEAR STABILITY THEORY
It is generally accepted that incorporation of unsteady rotational sources and sinks into the acoustic energy balance equation leads to a more accurate assessment of SRM acoustic instability [6, 7] . The multidimensional energy assessment involves both rotational (vortical) and irrotational (acoustic) contributions to the instantaneous pressure and velocity fields in the motor chamber. In short, they may be expanded into a series of individual integral terms that can be aggregated to obtain the total linear instability growth rate, T  . This work involves the calculation of minimum 11 growth rate terms that arise in the dynamics of an oscillating complex flow. Thus, we have converted these volume stability integrals into more amenable surface forms [6, 7, 8] . The flow field properties are more accurately defined on the motor surface boundaries and allow a more precise assessment of the motor propensity for instabilities. 
These influence factors should be supplemented in a next study stage by corrections due to distributed combustion -
12
 and two-phase interactions - 13  for a better prediction of the motor stability analysis.
Let us test the result of the linear analysis model given here by applying it to the real SPRR-01/ V01. The motor key parameters values are showed in Table 1 . The distinct combustion instability cases were selected as characteristic examples for extreme initial grain temperature influence over the motor operating (Fig. 4, 5 and 6 ). Evaluations were done using the corrected energy normalization value,  ( [7, 8, 9] . One can appreciate that 
All the results correspond to a linearly unstable system in the explored case of extreme negative initial temperatures. Hence, the stability analysis gives acceptable prediction of the observed behavior (Fig. 4, 5 ) -a less stable system especially at extreme low initial grain temperatures.
For a fixed set of physical properties, more elongated motors appear to be more susceptible to instability. The largest contributors can be readily identified to be pressure coupling, flow turning, rotational flow, mean vorticity, pseudo vorticity and unsteady nozzle corrections. The viscous term - 
